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Abstract 

The Orr-Sommerfeld equation with hnear profile on the finite interval is 
considered. The behavior of the spectrum of this problem is completely 
investigated for large Reynolds numbers. The limit curves are found to 
which the eigenvalues concentrate and the counting eigenvalue functions 
along these curves are obtained. 
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AHHOTai];HH 

PaccMaTpHBaeTca ypaBneime Oppa-3oMMep4)ejibfla c jiHHenHbiM npo4)HJieM. 
HojiHOCTbio HayneHO noBe;i,eHHe cnexTpa ^Jia 6ojibmHX HHceji PefiHOJibflca. 
HaiifleHbi npeflejibHbie KpHBbie, okojio kotopbix KOHn,eHTpHpyiOTC5i 
co6cTBeHHbie 3HaHeHHa, h nojiyHenbi c|)yHKn,HH pacnpeflejieHHa co6cTBeHHbix 

3HaMeHHH BflOJIb 3THX KpHBblX. 
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BBe/i;eHHe 



B CTaTbe paccMaTpHBaeTca cneKTpajibnaa 3a;i;aHa Oppa-3oMMep(|)ejib;i;a 

{{D^ - a'f - taR[q{x){D^ - a^) - q"{x)]}y = -X{D^ - a^)y, (1) 
y{-l)=y'{-l)=y{l)=y'{l)=0. (2) 

S^ecb D = d/dx, a — bojihobog ^hcjio, R — ^hcjio PeHHOJib^ca, 
xapaKTepH3yioiii;ee BasKOCTb jkh;i;kocth, a q{x) — npo(J)HJib CKopocTH 
TeneHHa jkhakocth b Kanajie |x| < 1. 3Ta aaflana nojiynaeTca 
nocjie jiHHeapH3aii;HH ypaBHeHHH HaBbe-CTOKca fljia njiocKonapajiJiejibHbix 

Te^eHHH Me>Kfly ^ByiVia (|)HKCHpOBaHHbIMH CTGHKaMH. 

CbOHCTBa aa^a^H Oppa-3oMMep(|)ejibfla bo mhofom onpeflejiaiOTCH 
CBOHCTBaMH MOflejibHOH saflaHH BH;i;a 

-ey" + q{x)y = Xy, (3) 
y{-l) = y{l) = 0, (4) 

r^e e = 1/iaR — MajiBiii napaMeip, jie>KamHH na OTpHii,aTejibHOH mhhmoh 
nojiyocH. 

Xopomo H3BecTH0, HTO cneKTp 3aflaHH Oppa-3oMMep4)ejib;i;a na 
KOHGHHOM HHTepBajie ;i;HCKpeTeH. BajKHOH aBJiaeTca aa^ana HayneHHa 
noBeflenna co6cTBeHHbix SHaHeHHH npn Sojibinnx HHCJiax PeHHOJib;i;ca R, 
HTO cooTBeTCTByeT MajiOH BasKOCTH JKH^KOCTH. HanSojibinHH HHTepec 
npe^CTaBjiHiOT ^Ba CTan,HOHapHbix npo(|)Hjifl CKopocra: q{x) = x h q{x) = x^ . 
HepBbiii HasbiBaeTca npo4)HJieM KysTTa, BTopofi — npocJ^HJieM HyaaeHJia. 

Sa^ana Oppa-3oMMep4)ejib;i;a Hsynajiacb MHorniviH aBTopaMH. 
OcHOBHbie peayjibTaTbi h jiHTepaTypnbie ccmjikh mojkho HafiTH b oSaope 
Pe^H, XeHHHHrcona h IIlMH^Ta ||16|| , MOHorpa(J)Hax /JpanaHHa h Pn^a ||13|| , 
/l^HKoro 10, a TaK>Ke b paSoTax FeHsenGepra, BaaoBa, Jlnna h ;i,p. (cm. 
6H6jiHorpa(J)Hio b ||13| ). 

0;i;HaKO, onHcanne nopipeTa noBe;i;eHHa co6cTBeHHbix SHaHeHHH 3toh 
3a;i;aHH npn e — ^ (t. e. i? — * cxd) ne 6biJio npHBe;i;eHO nojiHOCTbio. 



B 3T0H CBasH yKa>KeM BajKHbie paSoTbi MopaBen, 14 h HanMana 12 
MopaBen, noKaaajia, hto npn g(x) = x coScTBennbie SHaneHHa aa^a^H 
Oppa-3oMMep(|)ejibfla MoryT jiOKajiHSOBaTbca TOJibKO b6jih3h OTpesKOB 
[— 1, — z/a/3], [1, — i/v^] H Jiyna [— z/v^, —ioo\ xoTa b ||14| nofl^epKHBaeTca, 



HTO He y^aeTca nojiyHHTb HH(|)opMaii;Hio o coScTBennbix SHaneHHax b Majibix 
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OKpecTHOCTax nepBbix ^syx OTpesKOB. /Jjifl q{x) = npe^nojioJKeHHa 



paSoTbi IIJI He peajiHsyiOTca. 

KoMnbiOTepHbie nporpaiviMbi BbiMHCJieHHa coScTBennbix SHaHenHH 
3a;i;aHH Oppa-3oMMep4)ejib;i;a peajinaoBbiBajiHCb Pefl^n, XeHHHHrcoHOM h 
IIImh;i;tom ||1^], Tpe4)e3eHOM [l^, IIlKajiHKOBbiM h HeHManoM-aafle @|, 
ManMaHOM [12|. B ^Byx nocjie^Hnx paSoTax Sbijio noHHTHO, hto b otjih^hg 
OT MOflejibHOH sa^aHH, coScTBeHHbie SHa^enHfl sa^aHH Oppa-3oMMep4)ejibfla 
jiOKajiHsyiOTca BflOJib flbyx jihhhh cnnay h CBepxy ot OTpesKOB [±1,—-^] 



npHHGM 3TH JIHHHH HpH £ — >^ CJIHBaiOTCa B 3TH OTpeSKH. B paGoTG 1 12 

HpHBOflHjiHCb HCKOTopbie oG^bacHeHHA 3Toro aBjienna, ho anajiHTHHecKOH 

4)0pMbI JIHHHH H aBHblX 4)0pMyjI ;i;jia CoScTBeHHblX 3HaHeHHH Ha 3THX JIHHHaX 

(hjih (|)yHKH;HH pacHpe;i;ej[eHHa) BbiHHcano ne SbiJio. Bee bto: (J)opMa jihhhh 
H 4)opMyjibi fljia coScTBeHHbix ana^enHH, — Sy^eT HaiifleHO b stoh CTaTbe. 

HeoSxoflHMO OTMeTHTb, ^To MHorne aBTopbi paccMaTpHBajiH aaflany 
Oppa-3oMMep(|)ejibfla b cbhsh c BonpocoM o5 ycToii^HBOCTH TenenHa 
jkh;i;kocth, hto SKBHBajienTHO OTcyTCTBHio coScTBeHHbix 3HaHeHHH B Bepxnefi 
HOJiyHJiocKOCTH. ycTOHHHBOCTb HJiocKOHapajiJiejibHoro Tenenna KysTTa 
«HO^TH» flOKaaana b pa6oTe 0. Hpn R ^ oo ^ nen HCHOJibayeTca annapaT 
CHen,HajibHbix (J)yHKn,HH ((J)yHKn,HH Biipn), a npn Majibix ana^enHax nncjia 
PeiiHOJibflca HpHMenaiOTca ^HCJiennbie pacneTbi na KOMHbiOTepe. Bonpoc 06 
ycTOHHHBOCTH fljia ypaBHeHHa Oppa-3oMMep(J)ejibfla paccMOTpen h b KHHre 
0, r^e HCHOJibsyiOTca aenMHTOTHHecKHe MeTo;i;bi fljia HaxojKflenHa pemenHH. 

MoflejibHaa aa^ana (H) c jiHHeHHbiM Hpo(J)Hj[eM pacciviaTpHBajiacb 
B paSoTax Tpe4)e3eHa ||T^ h Pe^AH, XeHHHHrcona, IIlMH^Ta p!6| . 
AnajiHTHHecKoe oS^bacHeHHe nopTpeia coScTBenHbix aHaneHHii stoh aa^a^n 
HpH e — s> SbiJio HpoBe;i;eHO b ||10||, a HMenno, SbiJio ;i;oKa3aHO, hto npn q{x) = 



X coScTBeHHbie ananeHHa MO^ejibHOH saflann @, jiOKajinayiOTca B^ojib 
Jiyna [—i/\/3,—ioo) h ;i;Byx OTpesKOB [— 1, — i/v^], [1,— Vv^], a TaKJKe 
HaHflena acHMHTOTHKa coScTBennbix ana^enHH b OKpecTHOCTH yKaaannbix 
OTpesKOB. Bojiee nacTHbiH peayjibTaT neaaBHCHMO nojiy^en b 0. 

HTaK, paeeiviaTpHBaeTca cneKTpajibHaa 3a;i;aHa Oppa-3oMMep4)ej[b;i;a c 
jiHHeHHbiM Hpo(J)Hj[eM (Te^eHHe KysTTa) 

—ie{w" — a'^w) = (x + ie\)w, w = y" — a^y, (5) 
y{±l) = y'{±l) = 0. (6) 



3flecb e = 1/aR, X — cneKTpajibHbiH napaivieTp, R — ^hcjio PenHOJib^ca, 
a a — BOJiHOBoe ^hcjio. /Jjia namnx paccMOTpenHH y^oSno BBecTH ^pyroH 
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cneKTpajibHbiH napaivieTp A = ie{a'^ — A). 

CooTBeTCTByiomaa MOflejibnaa aa^ana hmcgt bu^: 

-iey" = {x- \)y, (7) 
y{-l) = y{l)=0, (8) 

r;i;e A — cneKTpajibHbiH napaivieTp, a e > — Majibifi napaMCTp. 

Hama ii;ejib — onncaTb acHMnTOTHHecKoe noBe;i;eHHe coScTBenHbix 
3Ha^eHHH MO^ejibHOH aa^a^H npH e —> +0 na mhhmoh och, yTO^HHTb 

aCHMBTOTHKH ||10|| Ha OTpeSKaX [±1, ~"^] H On,eHHTb ^HCJIO CoSCTBeHHblX 

3Ha^eHHH b6jih3h ysjia. SaieM, nojibsyacb napaGoTanHbiMH MeTO^aMH, 
c;i;ejiaTb to jkg caivioe fl^jia 3a;i;aHH Oppa-3oMMep(J)ejibfla c jiHHefiHbiM 
npo(J)HJieM. 

Hjian CTaTbH cjie^yiomHH. 

B naparpa(|)e |l] paccMOTpena MOflejibnaa aaflana ® , (H) • B TeopeMe || 
Bbi^HCJiena acHMnTOTHKa coScTBenHbix SHaneHHii na Jiyne [—-^,—ioo). B 

TeopeMe ^ c^ejiano yTO^Henne acHMBTOTHKH na OTpesKax [±1, 
c yneTOM jieMMbi |I]. B Teopeivie ^ ;i;aeTca y;i;o6Hoe npeflCTaBJienne ji^jisi 
4)yHKii;HH pacnpeflejieHHa co6cTBeHHbix SHaMenHH Bne ysjiOBofi tohkh (b 
KOTopoH He paSoTaiOT acHMHTOTHnecKHe HpH5jiH>KeHHfl) . HaKonen,, on,eHKa 
KOJiHHecTBa coScTBeHHbix 3HaHeHHH B Kpyre Majioro paflnyca c ii;eHTpoM b 
ysjiOBOH TOHKe — ^ flana b Teopeivie |J. OTivieTHM, hto yivieHbmeHHe pa;i;Hyca 

BToro Kpyra brjiotb flo e^/^ln5~'^ CTajio B03M0>KHbiM Sjiaro^apa jieMMe 
|l], B KOTopoii pacinHpena CTan^apTHafl oSjiacTb ^encTBHa KjiaccHnecKHx 

aCHMHTOTHK 4)yHKIi;HH SfipH. 

B naparpa(J)e || HaH;i;eHbi neTbipe neaaBHCHivibix pemeHna 
ypaBHeHHa Oppa-3oMMep(i)ejibfla c jiiiHenHbiM npo(|)HjieM h BbinHcano 
xapaKTepiicTHHecKoe ypaBHeniie KpaeBoii aa^a^H b Bii^e onpe^ejiHTejiH 
pasMepoM 2x2, cocToamero h3 iiHTerpajiOB ot (J)yHKn,HH SiipH. 

B naparpa(|)e ^ Hay^aeTca noBeflenne coScTBeHHbix SHaHeHHH A 
B OKpecTHOCTH OTpesKa [—1,—^]. JleMMa 1^ ;i;aeT neoSxo^HMbie 
acHMnTOTHHecKHe npeflCTaBJienHa HHTerpajiOB, Bxo;i;aiii;HX b 

xapaKTepiicTHHecKHH onpe^ejiHTejib. /JajibHeiiinHH anajiHS noKasbiBaeT, 
HTO coScTBeHHbie SHaneHHa jiOKajiiiayiOTCfl ne b^ojib caMoro OTpesKa 
[— 1,— a B;i;ojib ;i;Byx kphbmx, naxoflainnxca no paanbie CToponbi ot 

3Toro OTpesKa n OTCToaiunx ot nero na paccToanne nopa;i;Ka e^^'^ \ Ine]. 3tot 
peayjibTaT c4)opMyjiHpoBaH b Teopeivie ^, r^e TaK>Ke flanbi aciiMnTOTH^ecKiie 
npeflCTaBjienna fljia sthx KpiiBbix ii caivrax coScTBennbix snaHenHH. 
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HaKOHen,, b naparpa(J)e |^ Mbi noKa>KeM, hto b okpgcthocth jiyna 
[— —ioo) co6cTBeHHbie SHaneHHa A Be^yT ceSa tohho Tax me, KaK h b 
MOflejibHOH aaflane. CooTBeTCTByiomHe (J)opMyjibi BbinncaHbi b Teopeivie |^. 



1 YloBejs^emie cneKxpa Mo;i;ejibHOH sa^ann 

SaMGHa ^ = {—iey^^^^x — A) npHBOflHT 3a;i;aHy (|^, k rpannHHoii 3a;i;aHe 
fljifl ypaBHeHHa 3mpm 

r^e 6 = - A), 6 = - A). 

HsBecTHO m, HTO ypaBHeHHC BiipH o5jiaflaeT pemenHeM v{^), HMeiomHM 
B ceKTope I arg^l ^ tt — 6q (5o > — npoHSBOJibnoe (J)HKCHpoBaHHoe hhcjio) 

aCHMHTOTHKy 

r^e BbiSnpaiOTca rjiaBHbie (nojio>KHTejibHbie) bgtbh KopneH npH ^ > 0. 3to 
pemeHHe nacTO nasbiBaiOT (J)yHKii;HeH Bfipn-OoKa. Haivi noTpeSyeTca naHTH 
Sojiee mnpoKyio oSjiacTb, b KOTopofi acHMnTOTHKa (|^) coxpanaeTca. 

JleMMa 1. /fA^ (pyHKUiUU 9upu-<PoKav{^) acuMnmomuKa (|^) coxpauHemcH 
e o6Aacmu 1] = : | arg^| ^ vr — l^^^yl | • npu amoM ocmamoHHUu hach 
MacHcopupyemcH eeAuuuHou C|^|^^/^ paenoMepHO no ^ G fi. 

^OKasaTejibCTBO. CnpaBefljiHBOCTb (J)opMyjibi (H) b oSjiacTH Q 
;i;0Ka3biBaeTca na ochobg anajiHsa TOJKflecTBa 

- Tri / 27ri \ izi / 27ri \ , . 

v{^) = e 3 1; ( e 3 ^ j + e 3 1> ( e ^ c,) ■ (10) 

B caMOM ;i;ejie, 4)opMyjiy (P) mojkho HcnojibSOBaTb ji^Jia BbiHHCJieHna 
^(e±¥e) npH e = -pe^^ ^ I^K ^o, P > 1: 

7 
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OTCiofla BHflHO, ^TO npH S > nepBoe cjiaraeMoe b TO^K^ecTBe ([T0|) Majio no 
cpaBnennio co BTopniM n nM Moacno npeneSpenb, ecjin 



-HP' 



o 



-,3/2 



3to cooTnomenne Bbinojieno npn ^ocTaTonno Majibix 60 = 5o(x), Tax KaK 



P' 



3/2 



_p3/2 3A 



In p 



TaKHM o6pa30M, 




Cjiynan 5 < paccMaTpnBaeTca anajiornHHO. ■ 
PaccMOTpHM o6jiacTb (cm. pnc. orpannHeHHyio cjiena n cnpasa 
npaMbiMH ReA = ±1, a CBepxy — npaMbuvin, npoxo;i;ani;HMH nepea tohkh ibl 

H TOHKy de = —1 + ^^^^ 111 j , r;i,e 9 > ^{3/4)^^'^ — (|)nKcnpoBannoe 

HHCJIO. riOJIOJKHM 

1 

-1 

T^e BGTBb KBaflpaTnoro Kopna BbiSnpaeTca TaKoii, nTO f{—i/V3) > 0. 

0603HaHHM 

Aa = {A G C : I argA| < a}. 



JleMMa 2. 0yHKii,UM /(A) o6jiadaem cjiedyww^UMU ceoucmeaMu: 

1°. /(A) 20JiOMop4>Ha e Huotcneu nojiyriAOCKOcmu u eemecmeeHHa npu 
A = — z/i, p > 0. 

2°. SnaueHUfi /(A) u —if'{X) Aecncam e ceKmope An/e, o- /"(A) e ceKmope 
A.7r/2 ecea; A G -D^. 

3°. /(A) MOHomoHHO eospacmaem npu A — > — ioo no ompunameAhHou 
MHUMOU ocu e o6Aacmu D^. 
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-1 

-e— 
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4°./(A) = 2Va + 0(p^), /'(A) = ^ + 0(p^) npnXeD,. 

5°. |/(Ai) — /(A2)| ^ 7 , '^'^^ npu Ai,A2 € I?e, sde nocmoMHHaM 

^max{|Ai|,|A2|} 

7 > He saeucum om \i, X2 u s. 
6°. /(d,) < Re/(A) npu A e D^. 

7°. QijHKu^UH fW, ^ ^ D^, He npuHUMaem eeui,ecmeeHHUx SHaueHuu 
ene mhumou ocu. 

/l^OKaaaTejibCTBO yflo6Hee npoBecTH b lepMHHax nepeMenHoii /j, — iX n 
4)yHKn,HH g(ij,) — /(A), KOTopaa HMeei bh^ 

1 

g{lj) ^ J ixdx. 

-1 

Cbohctbo 1° cjieflyeT h3 Toro, hto npn nojioJKHTejiBHbix SHaneHHax n 

-1 -1 
HTo6bi flOKaaaTb cbohctbo 2°, bmhhcjihm npoH3BO^Hbie: 

1 

-if'{X) = g'ifi) ^ \ ! -jl=^ dx, 

-1 
1 

-1 

H aaMCTHM, HTO - IX G y=u e (^_/^)3/2 e H 

HHTerpajibi ot 3thx BbipajKenHfi jie^KaT b cooTBeTCTByiomnx cexTopax. 

Cbohctbo 3° cjie^yeT h3 1° h 2°, nocKOJibKy g\ii) > npn /i > 0, —i/i G 
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J^Jifi flOKaaaTejibCTBa CBoiicTBa 4° BbiHHCJiHM HHierpaji: 



3/2 



-1 



= 3'" 



3/2 



3i 3 1 



A.7 

3i 3 1 



3/2' 



2/i 8/^2 

= 2^+0 

AnajiorHHHO 

1 

g'ifj,) = - ^ ^^1/2 

,1/2 



2/i 8/^2 
1 



3/2 ; ■ 



1-A 

/i 



1/2 



. U 11 ^ li 11 ^ 
1 \ - 1 + o 

2/i 8/^2 2/x 8/^2 



1 + - 



1/2- 



+ 



5/2 



^OKajKeM CBoiicTBO 5°. PaccMOTpHM o6jiacTb iDq h flOKaiKeM, hto npn 







-A«2 




•y/max{ /ii 




/^2|} 



Ha CBoiicTB 2°, 4° cjieflyeT, mto 
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B caMOM ^ejie, nocKOJibKy g'ijJ') G A^/g h ~ — >^ oo, to npn 

flocTaTOMHO 6ojibmHx \n\ 

Reg'{^i)>^\g'{^i)\> ^ 



a npH Majibix KOiiCTaiiTy 7 > mojkho no;i;o6paTb, xaK KaK 
^y\fI\I^e g'{iJ,) > B saMbiKaHHH oSjiacra iDo. TaKHM oSpaaoM, na OTpesKe 

[/^l,/^2] 



Reg' in) > 
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A/max{|/xi|, \1i2\y 
no3TOMy Hafi^eTca hhcjio ^, fljia KOToporo 

9{f^i) - 9{^2) = 1^2), Re^ > 
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A/max{|//i|, I//2I} 
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Cjie^OBaxejibHO, 



i/max{|/ii|, l/ial} 

/],OKa>KeM CBOHCTBO 6°. HocKOJibKy G TO HaiifleTca KOMJieKCHoe 

HHCJIO ^ G TaKOe, HTO 

- giide) = ^{iJ,- ids). 
H TaK KaK fj, — ids = — de) G to (^(/i) — g{ids) G A7r/2, to ecTb 

Re{g{ii) - g{ids)) = Re /(A) - > 0. 
OcTajiocb flOKaaaTb cbohctbo 7°. npe;i;nojiojKHM, g{ij) G M. Tor;i;a 



g{fi) = g{fi) = / ^/ fi + ix dx = / \/Ji--Jx dx = g{fi), x 



-X. 



-1 



OTCiofla H H3 CBOHCTBa 5° cjieflyeT, hto /i = /2, to ecTb BemecTBeHHO. ■ 
Ha jieMMbi]^ (cBOHCTBa 3°, 7°) cjieflyeT, ^to HaH^eTCH HaxypajibHoe hhcjio 
/co TaKoe, HTO ypaBHenne 

/(A) = vrfeV^ 

HMeeT B o6jiacTH b tohhocth o;i;ho hhcto mehmog pemeHne —iph npn Bcex 
ii;ejibix k ^ ko. OneBHflHO, 

^4 < Pko < Pfco + 1 < • • • ■ 

TeopeMa 1. IIpu docmamouHO mgaux e > ece co6cmeeHHue snaneHUH 
sadanu (|^), (||), AeMcavnue e o6Aacmu D^, HeAHwmcfi npocmuMU u 
o6pa3yK>m MOHomoHHyto nocjiedoeamejihHocm'b hucca na ompux^ameAhHou 
MHUMOU ocu. IJpu amoM Ha unmepeaAe {de, —i{pko + 0{e))) Mocncem 
HaxodumhCM ne 6oAee deyx co6cmeeHHUx SHaneHuu, a ece ocmaAbHue 
codcmeeHHue SHaueHun Xk sadauu (H) e o6Aacmu UMetom end 

Afe = -i{pk + Pfc ^O(e)), k = ko + l, ko + 2, .... 
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^OKasaTejibCTBO. XapaKTepHCTHnecKHH onpe^ejiHTejib sap^anm 
HMeeT BHfl (cm. ||10|| ) 



TT 



. . / 2-171 \ / 2iri \ , . 

HpoBepHM, HTO nepeMeHHbie e~~^j, j = 1,2, ocTaiOTca b o6jiacTH, 
yKaaaHHOH b jieiviMe |1|, ecjin A G -Dj: 

TT TT TT 

- < - + arg(l - A) ^ argO < + arg(-l - A) < tt, 

TT _2Tvi TT 

--<arge ' < g- 
^jia arg(— 1 — A) neoSxoflHMO c;i;ejiaTb Sojiee TOHHyio oii;eHKy npn iviajibix e: 

arg(-l - A) < arg(-l - 4) = 

- arctg I ^ + e^^^lne^^] < tt - arctg ^ - -9e^^^ \ne~'^ , 
T^e0> e> 1(3/4)3/4; g^Qj^ 

In^ ^ x(|lne"^ + ln|l-A|) k.^lne-' ^ hvA^V^^r^Hn,-' 
r;i;e i< > x > |; TaKHM o6pa30M, 

TT 3 ~ 

argO ^ g + arg(-l - A) < tt - -6*^:^^^ Ine:"^ < 
3/4 e In 101" 

^1(3/4)3/4 |^^.|3/2 <^ 

ecjiH Bbi6paTb X, x, TaK, htoSm 



In 101 




101 


3/2 



3/4 3/4 1(3/4)3/4 1(3/4)3/4- 

BocnojibsyeMCH acHMnTOTHKOH jieMMbi |l] ^jia BbiHHCJieHHH 
xapaKTepHCTHHecKoro onpe^ejiHTejifl : 



2- (l + |A|-3/20(£V2)N 

0/'(e-'f6) ^ 

1(53/2^(^-25.^^^3/2) 
= . (1 + |A|-3/20 (£V2)) . 

0^ (e-'^O) ^ 
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ITocKOJibKy ^ < arg^,- < tt, to 



2iTi 



'J ' 

H xapaKTepHCTHHecKoe ypaBHeHne npHBO^HTca k BHfly 

e|(er^-«r) = i + |A|-3/2o(eV2)^ (n) 

^2i.-V2.|e-¥[(l-A)3/2-(-l-A)3/2] ^ ^ ^ |A|-3/20 (£V2) ^ 

Hocjie jiorapH(J)MHpoBaHHa nojiynaeM: 

/(A) = 7rfei/2 ^ |A|-3/2o (e) , k = 0, ±1, ±2, .... (12) 

3to ypaBHenne ne MOJKeT hmctb pemenHfi npn k ^ kg — 2 b CHjiy CBOHCTBa 
6°: 

|/(A) - nke^/^l ^ |/(A)| - vrfe^/^ ^ Re/(A) - Trfe^/^ > 
> - vrfe^/" ^ 7r(A;o - l)^'/' - 7r(A;o - 2)5^/2 ^ ^^i/2_ 

ITpH k ^ ko + 1 o6o3HaHHM Be Kpyr c n,eHTpoM b to^kg —ipk h pa^HycoM 
cp'^^e, c > 0. B CHJiy orpannHeHHOCTH /'(A) 

|Pfc - Pfc-i| > c ■ vre:^/^, c > 0. 

noBTOMy Kpyrn Be ne nepeceKaiOTca h nojiHOCTbio co;i;epjKaTca b o6jiacTH 
De npH Majibix e > 0. ^OKajKeivi, hto ypaBHenne ([T^) HMeeT poBHO o;i;ho 
pemeHHe A^ G -De, KOTopoe jig^kht BHyTpn Kpyra Be^\ 3to cjie^yeT h3 



TeopeMbi Pyme h oi^ghkh jiflu A G De\Be^'^: 

\f{-^p.) - /(A)i ^ 74== > ^i^r'''- > i^r'^'o (^) • 

A/max|pfc, |A|| V» 

IlepBoe HepaBencTBO b stoh n,eno^Ke coBna^aeT co cbohctbom 5°, TpeTbe 
BbinojiHeno npn BbiSope ;i;ocTaTOHHO Sojibinoli KOHCTaHTbi c, a jiflu 
;i;0Ka3aTejibCTBa BToporo HepaBencTBa paccMOTpHM ;i;Ba cjiynaa. Ecjih |A| ^ 

\Pk, TO 



ipk - A| \-ipk-M . — «A 



■\/max{pfc, |A|} -/Pk Pk 



Pk 
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EcjiH >Ke |A| > |pfc, TO 



v/max{pfc,|A|} 

OcTaeTca aaMeTHTb, hto b CHJiy chmmctphh coScTBeHHbie SHaneHHa JiejKaT 
Ha MHHMOH ocH, a cjiy^aH k = — l^k^ CBOflSTca k paccMOTpeHHOMy, ecjiH 
pacmnpHTb neMHoro o6jiacTb aa c^gt yMenbineHHa napaMeTpa 6. ■ 

AcHMHTOTHKa C06CTBeHHbIX 3HaHeHHH b6jIH3H OTpeSKOB [±1, ~"^] SblJia 

nojiy^ena b [|1^. S^ecb mm npHBe^eM yTO^nenHbie (|)opMyjibi (cp. 0]), 
KOTopbie nojiy^aiOTca npn anajiHse HSBecTHbix acHMBTOTHK (|)yHKn,HH BiipH 
(cm. I^) c npHBJieneHHeM jigmmm |I|, KaK h npn flOKaaaTejibCTBe TeopeMbi [l|. 

TeopeMa 2. Co6cmeeHHue SHaueHun sadauu (0), (1) cuMMempuuHU 
omHocumeAhHO mhumou ocu u e OKpecmHocmu ompesKa [—1,—;^] UMewm 
acuMnmomuKy 

(^(t) = ^Re(2e^f -tp, 

2de tfc — HyAU (pyuKii^uu dupu-Qona v{—e^^/^t) = 0, Kosda t G 
0, — In e~^^ . IIpu amoM 

(.-/V/^ = |(A:-i)+0(i), A: = 1,2,.... (13) 



^OKaaaTejibCTBO. ^Jia BbiBOfla (J^opMyjibi ([13D b 10 



Hcnojib30Bajiocb 



cjieflyiomee acHMnTOTHnecKoe cooTHomeHne fljia BeinecTBeHHbix Hyjiefl 
4)yHKn,HH SiipH-OoKa v{—x): 



Stt / , 1 



2/3 

, A; = l,2,.... (14) 



3to cooTHomeHHe mojkho yTOHHHTb c noMombK) cjie^yromeii 
acHMnTOTHHecKOH 4)opMyjibi, HSBecTHoii H3 IQ: 



X — oo. 
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r^e no onpe^ejienHio 



9{x) 



TT 

4' 

, AUx) 
=5 Bi(a;) ' 



X > C, 



a; ^ c, 

c = maxja; : Ai(x) = Bi(a;)}, — 1 < c < 0. 



OTCiofla 



vrfc, = 1, 2, 



-X 



a; 



3/2 



3 

371 

Y 



X 



+ 



3/2 

1 
k 



Tck, 



1,2, 



TaKHM o5pa30M, mm ytohkhjih 4)opMyjiy ( p^lj ) h bmhhcjihjih /cq = 0. ■ 
SaMenanue 1. B [|l^] BMecTO ycjiOBHa £ 0, ^ — e^/^ Ine^^^ oiuhSohho 
4)HrypHpyeT ycjiOBHe G 0, ^ — ce^^^j. 

HpeflejibHoe MHO»cecTBO KOHii;eHTpaii;HH co6cTBeHHbix SHaHeHHH 



T 



7! 



u 



7! 



U I r=, — 200 



HasBano b 



10(1 «cneKTpajibHbiM rajiCTyKOM». OyHKitHio iV(A,£:), 
onpe^ejieHHyio npn A G T, naaoBeM (J)yHKn,HeH pacnpe^ejieHHa coScTBennbix 
3HaHeHHH 3a;i;aHH (|^), ecjin fljia Bcex Ai, A2, npHHafljiejKainHx jiioSoh 
CBasHOH KOMnoHGHTe MHOJKecTBa T (yaeji — ^ HCKJiiOMaeTca), hhcjio 
coScTBeHHbix 3HaHeHHH Ha OTpesKe [Ai,A2] (hjih b MajiOM npaMoyrojibHHKe, 
CTopoHbi KOToporo npoxo;i;aT nepea Ai h A2) paBHO |A^(A2,e) — A^(Ai,e)|. 

TeopeMa 3. OyHKUfUH pacnpedeAenuM co6cmeeHHUx SHaneHuu sadanu (0), 
(H) npu e ^ Ha cezMeumax [±1, — uMeem end 



iV(A,£) 



-1/2 



±1 



vr 



e-'-^V^^^dx + 0{l) 
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a Ha Jiyne (—77^, —loo) 

-1/2 



1 



N{X,e) = —— / e"^Vx - \ dx + 0{l) . 



-1 



^OKasaTejibCTBO. Ho TeopeMe || na OTpesKe [—1, HMeeM: 



OTCiofla 



^-1/2 o C--1/2 9 

fc=^ — |tf +o(i) = ^.|i-i-A,r+o(i). 

TT o no 



C flpyroii CTopoHbi, npn A G [—1, — 



A 



2e^^(_l_;,)3/2^ 2 _ 3/2^ 
3 ^ ^ 3' ' 

Bbi^HCJiHM Tenepb (]3yHKn,Hio pacnpeflejieHHH na Jiyne {~^, —ioo), KOTopyio 
MOJKHO B flaHHOM cjiy^ae onpe;i;ejiHTb KaK KOJinnecTBO coScTBeHHbix 
SHaneHHii, MHHMaa nacTb KOTopbix 5ojibme Im A. HycTb /(A) = 7r£:y^(A;o±|), 
Torfla 

NiX,s)-N{X,Eo) = k~ko±2, rfle fi\)=ne'/\k±^), 
N{X,e) = '-^f{X) + 0{l). 

TT 



SaMenanue 2. TeopeMa |^ 6bijia nojiynena aBTopaMH b 1998 ro^y, a 
BnocjieflCTBHH oSoSmena na cjiy^an, Kor^a BMecTO q{x) = x ynacTByeT 
4)yHKii;H5i q{x) = x^ hjih anajiHTHHecKaa MOHOTOHnaa 4)yHKii;H5i (cm. 

TyiViaHOB, IIlKajIHKOB f^, IIlKajIHKOB ||17|| ). 
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TeopeMa 4. Kojiuuecmeo co6cmeeHHUx SHaneHuu sadanu (0), (||) e npyze 
MttAoso paduyca 6 c vfiumpoM e moHKe-ysjie paeno (npu e ^ 



-1/2 



TT 



/ 



i5 



4/2 



3 VVS 



-5 



3/2^ 



+ 0(1) 



B npyde yMeHtmatovnedocH paduyca e^^'^lne ^ , npu (puKcupoeauHOM 6 > 
1(3/4)^/'', Hucjio co6cmeeHHUx SHaneHuu paeno 



21/233/4 



/2ln£-n^J 



TT 



/l^OKasaTejibCTBO. AnajiHS ;i;oKa3aTejibCTBa Teopeivibi ^ ^aeT (J)opMyjiy 
Ai"5(£:) npn (J)HKCHpoBaHHOM 6 > 0. YcTpeiviJiaa 6 k nyjiio, nojiy^HM: 



/ - 



2 



f -^-^^]=f -^]-^^f' -^]+0{6' 



-e 4 X + 



V3 

3/2 



2 ■ 



2/2 y/' _ 4 / 2 y/' 



-e 4 x + 



1 



1/2 



1/2 



1/2 



4/2 

3 V7! 



-5 



-1/2 



-1 
3/2 



1/2 



26 



2 



TT 

2I/233/4 
TT 



3 Vv^y 

Ss(^-^y\oi5') ]+0{l] 

^ o (<52^-l/2) ^ 



TeopeMa |] nosBOJiaeT BsaTb 5 = e^^^ Ine: ^: 



91/203/4 

iV,v.in.-«(^) = In^-^ + O (1) 



TT 
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2 PemeHHe ypaBHeHHH Oppa-3oMMepcJ)ejib/i;a 



Hepeii^^eM Tenepb k HayneHHio caiviOH aaflann Oppa-3oMMep(|)ejibfla c 
jiHHeHHbiM npo(J)HJieM (H), (H). nepennmeM ee b bh^g: 

—iew" = (x — A)w, (15) 

y" - a'^y = w{x), (16) 

y(-l)=y'{-l) = 0, (17) 

y{l)=y'{l)=0. (18) 

OyHKiiHK) FpHHa jiJia aafla^H (|1^), ( pTT] ) HaH^eM MeTO^OM BapHaii;HH 
nocToaHHbix: 

y(x) = Ci(x)e"" + C2(x)e-"", 

y'{x) = aci(a;)e°" - ac2(x)e-°" + c;(x)e"" + 4(x)e-"". 
Ilojiy^aeM nepBoe ypaBHenne fljia c'^(a;), 02(0;): 

c;(x)e"" + c'2(x)e-"" = 0. (19) 
HaiifleM BTopyio npoHSBO^Hyio h noflCTaBHM b ([161): 



/(x) = a2ci(x)e"" + a2c2(x)e-"" + ac;(x)e"" - ac'2(x)e-"" 
= a2ci(x)e"^ + a2c2(x)e-"^ + w(x). 



nojiynaeM BTopoe ypaBHenne fljia c'^(a;), C2(x): 

c;(x)e"^ - c'2(x)e-"^ = -w(x). (20) 

a 

PemeHHe cncTeMbi jiHHeiiHbix ypaBnenHH (|T9|), (pO|) ^aei: 

1 e~"^ 1 e"^ 

Ci(a;) = ?—w{x), c'^ix) = —w{x), 

a Z a Z 

X X 

y(x) = - / — - — w{t)dt / w{t)dt. 

a J 2 a I 2 



C y^eTOM ycjiOBHH ( \L7\ j nojiynaeM: 

X X 

y{x) = — j s\i[a{x — t)]w{t) dt, y'{x) = j (:h[a{x — t)]w{t) dt. 

-1 -1 
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TaKHM o6pa30M, HCxo^Hyio aa^a^y (|5|), (|^) mo>kho aanncaTb b bh^g 
ypaBHeHHa BToporo nopa^Ka c HejiOKajiBHbiMH KpaeBbiMH ycjiOBHSMH: 

—iew" = (x — A)w, 



sh [a(l - t)] w{t) dt= ch - t)] w{t) dt = 0. 



TaKaa aanncb KpaeBofi saflann Oppa-3oMMep(J)ejibfla HSBecTna ;i;aBHO. 
XapaKTepHCTHHecKoe ypaBneHne Tenepb sanHineTca TaK: 

1 1 

/ sh[a{l-t)]wi{t)dt J sh[a{l-t)]w2{t)dt 

-1 ~i 
1 1 

/ ch [a{l - t)] wi{t) dt J ch [a{l - t)] W2{t) dt 
-1 -1 

r;i;e Wi{x), W2{x) — flBa neaaBHCHMbix pemenHa ypaBHeHHa ([T5|). SaMena 

= ujja~\x - X), j = 0,1,2, 

u;^ = e^(¥^-+f ), 



a = e 



1/3 



npHBOflHT ([Tq ) K MO^ejibHOMy ypaBHeHHio Sfipn 

nOSTOMy MO>KHO B3aTb 

Wnix) = v{^jj = v{ujj„a~\x - A)), 

r;i;e v{^) — 4)yHKH;Ha Bfipn-OoKa. 

HpoHSBOfla cooTBeTCTByiontyio saMeny b HHTerpajiax, Bxoflain,Hx b 
xapaKTepHCTHHecKHH onpe^ejiHTejib, mo>kho nepenncaTb hx b bh^g: 



sh [a{l — t)] Wn{t) dt = ujj^ a / gj^{az)v{z) dz 



ch [a {1 — t)]wn{t) dt = ujj^ (J / g*^{az)v{z) dz 
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0603Ha^HM 



gj{z) = sh — A 
g*{z) = ch[a{l-X 



UjiQ = / gj{(Tz)v{z)dz, u*{Q = / g*{az)v{z)dz 



(21) 



r^e — HeKOTopbie nncjia, h OKOHnaTejibHO aannnieM xapaKTepHCTHnecKoe 
ypaBHenne TaK: 



0. 



(22) 



CoScTBeHHbie SHaneHHa A aa^a^H Oppa-3oMMep4)ejib;],a, KaK h 
coScTBeHHbie ana^eHHa Mo^ejibHOH sa^anH, CHMMeTpHHHbi OTHOCHTejibHO 

MHHMOH OCH H npH £ — >^ KOHIi;eHTpHpyiOTCa B OKpeCTHOCTH OTpeSKOB 

[1, — -^j, [— 1, — y^] H Jiyna [ — j^,—ioo). B cjie;i;yioiii;Hx flByx naparpa(|)ax 



V3i 



V3 



Bbi^HCJiaeTca acHMBTOTHKa co6cTBeBBbix SBaneBHii b OKpecTHOCTH OTpesKa 



^'^73] ^ ^^^^ l^^' 



V3' 



-too 



3 noBe/i,eHHe coScxBeHHbix SHaneHHii b 
OKpecTHOCTH oxpesKa [— 1, — 

BbiSepeM na OTpesKe [—1, tohkh di h ^2, KOTopbie npH e ^ 

npHSjiHJKaiOTCfl K KOHn,aM OTpesKa — 1 h — Tax, ^to 



'7=3-'' 



e-y3\-l-d,\ 



-oo, 

3 V4 



3/4 



(23) 
(24) 



PaCCMOTpHM oSjiaCTb fie = fi^ U fig (cm. pnC. H), flBJIfllOmyiOCfl ^aCTbK) 

nojiynojiocbi —1 ^ Re A ^ 0, ImA ^ 0, KOTopaa OTflejiena ot to^kh 
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— 1 flyroH OKpyjKHOCTH c ii;eHTpoM —1, npoxoflainefi nepea TOHKy di, h 
orpaHHMena CHHsy npaMofi, npoxoflainen nepea tohkh ^2 h 1. 
EcjiH A JiejKHT B 3T0H oSjiacTH, TO npH cr — > 



ef-^oo, a^f = 0{l) (25) 
Iarge;i^vr-2^i^, x>-. (26) 

OTpeaoK [—1, —^] paaSnBaeT fl^ na ^bg ^ac™: Bepxnioio Ql h hh>khioio 
fi^. B xapaKTepHCTHHecKOM onpeflejiHTejie (|2^ ) nojiojKHM ji = 0, j2 = I, 
ecjiH A G i^g. Hhcjio b 4)opMyjie (^) bojiokhm paBHbiM nyjiio: 

UjiQ = gj{(7z)v{z) dz, u*{Q= g*{az)v{z)dz, (27) 
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JleMMa 3. MnmespaAU (|27[) odAadawm CAedytoui,UMU ceoucmeaMU 

2 

E^^(^f) = 0- (28) 



j=0 

3decb C = , C = ^-^^ ^ = ^2"; <^ ^ Kanecmee u, g momcho esHmh uj, gj 
UAU u*, g*. 

^OKasaTejibCTBO. HepBoe cbohctbo jierKO BbiBOflHTca h3 TOJK;i;ecTBa: 

j 

B caMOM flejie, 



'jyaujjw)v{ijjjw)ujj dw 





(T-i(±l-A) 



J sh [a(l — A — aw)] ujjv(ujjw) dw = 0. 



MtoSbi BbiHHCJiHTb HHTerpaji pa3o6beM ero na ^bg nacTH: 

■"(0= / gicrz)v{z) dz + / g{oz)v{z)dz, 



151 

npHHGM nepBbiH h3 3THX HHTGrpajiOB 5epeTca no OTpesKy nojio>KHTejibHOH 
nojiyocH, a BTopoH — no flyre OKpyjKHOCTH, ne nepeceKaion^en 
OTpnn;aTejibHyio nojiyocb. 
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Bbi^HCJiHM nepBbiii HHTerpaji. /Jjia BToro aaivieTHM, hto cymecTByeT 
orpaHH^eHHaa BMecTe co CBoeii npoHSBOflnoH (J)yHKn,Ha h{z), Taxaa, hto 

g{az)v{z) dz = J {g{0) + azh{z))v{z) dz = 



= g{0) J v{z) dz — g{0) J v{z) dz + J azh{z)v{z) dz. 



HHTerpaji ot 4)yHKii;HH 3hph no nojiojKHTejibHOH nojiyocn mojkho BbiHHCJiHTb 
(cm. H, rji. 11, §12.2]): 

oo 

v{z) dz = -. 



Oii;eHHM ocTaTOK: 



O 



g{0) / v{z)dz = O 



O 



^ °^ , _ 2^3/2 \ 

de 3 



x3/4 



1^1 



_2 3/2 

e 3 



.1/4 



■ dz 



o {r'n ; 



azh{z)v{z) dz = a j h{z)v"{z)dz 



a I h{z)v'{z) 



h'{z)v'{z) dz] =aO (1) = O (r^) • 



JXjih BbiHHCJieHHa BToporo HHTerpajia c^ejiaeM saMeny 



HoCKOJIbKy \z\ = 1^1, TO, C y^GTOM yCJIOBHH (p5D, ([26|), MOJKHO 
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■w 

5 



BOcnojib30BaTbca jigmmoh |T|: 

"(^-) - ^ - « (i)) ^ ^ ° ^" 

i _2^3/2 

j g{az)v{z) dz = J ^''^'gi^^) (l + O (r'/')) e"'^ dw. 

1^1 

SaMGTHM, HTO 

= (z~'^'^g\az) - Iz-y^giaz)^ z'^l^ = O {C'^') , 

nosTOMy 

z-'/'giaz)=r'^'giaO + wO (r^/^) , 
j g{az)v{z)dz = -^^^ j {g{ai) + wO [C'^')) [l + O [C'")) c 

EcjiH|arge|>f,TO Rer^ ^ f l^p/^ ^ +oo, Jl- ^ ^ 2 = O (1), 

j g{aOe-^ dw = g{aO{l - e"") = g{^0 + O (r°°) , 

r'/2(0 (1) + O {w))e-^n'' dw = 















^ _2f3/2 

e 3? 



j g{azHz) dz = -^^^ (gH) + O (r^/^)) 
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EcjiH |arg^| ^ |, TO nocjieflHaa (|)opMyjia ne HMeeT MecTa, ho nocKOJibKy 
Re^^/2 ^ 0, e~3^^'^^ = O (1), to jieBaa h npaBaa ee nacTH paBHbi O (^"^Z*^) 

H 3T0 eCTb OCTaTOHHblii HJieH ;i;0Ka3bIBaeM0H aCHMnTOTHKH (|29|). ■ 



TeopeMa 5. BeedeM djiH ydo6cmea npHMoyzoAhHyto cucmeMy Koopdunam 
(t, 7) Ha KOMHAeKCHOu njiocKocmu A. HanaAO Koopdunam pacnoAoofcuM 
6 moHKe A = —1, a ocb t nanpaeuM edoAt ompesKa [—1,—^]. Tosda 
acuMnmomuHecKU, npu £ — > 0, co6cmeeHHue snaHenuM sadanu (||), (||) U3 
o6Aacmu fig pacnoAasawmcsi na deyx auhusix 



1 

2(?e £-'/'ri(£) ^ +CX), r2(£) = 2£^/2^n5-^ ^ ^ 3 ( i) ' 

IIpu amoM Sam cgmux co6cmeeHHUx SHaneHuu \k = {tk, 7fc) e KoopduHamnou 
nAOCKOcmu {t, 7) uMeeM: 

(t^?^^ 1 / 1 \ 

-3vr(A;--Tfco(A)) + 0^ , 7fc = 7(ifc)- (30) 



BeAUHUHU c(A) M A;o(A) euHUCAHwmcH hbho: 

c(A) = 2v/^^i^M^^, fco(A) = ^ argsh [a(l - A)] . 
snza; zvr 

5 uacmHocmu, mochcho ymeepMcdamh, huio c moHHOcrnhK) do Ine^^^'^ 
co6cmeeHHue SHaneHUH e o6Aacmu HaxodnmcH na npueux 7^(t) = 
±je^/'^t~^/'^hie~^t^ e KoopduHamnou nAOCKOcmu (t, 7), npuueM ux 
Koopdunamu (tkj'Jk) euHUCAMwmcsi no (popMyAUM (pOl). 

0yHKii,UM pacnpedeACHUM co6cmeeHHUx SHaneHuu Sam Kaofcdou 
U3 npueux 7"*", 7" paena noAoeune coomeemcmeywi^eu (pyHKn,uu 
pacnpedeABHUH Sah ModeAbuou sadauu na ompesne [—1, —^]- 

N^{\,e) = / e~'^V^^^dx + Oil). 

2-n J 
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^OKasaTejibCTBO. Hpn A G I = 1,2, nepennmeM 

xapaKTepHCTHHecKoe ypasHeHHe, nojibsyacb cbohctbom ([28|) h3 jieMMbi ^ 



0. 



BocnojibsyeMca cbohctbom (|29D ^jia BbiHHCJienHa ui{^^)~Ui{C,j^) . HocKOJibKy 
— I ^ arg,^j" ^ |, TO (|)yHKn,HH Mi(^f) orpaHH^enbi. HepBoe cjiaraeMoe 
B pasjiojKeHHH (^91) ji^jin ui{C,'i^) xaKJKe orpaHHMeno, a Bxopoe cjiaraeivioe 
;i;oMHHHpyeT b btom pasjiojKeHHH, xaK KaK 



O 



e 3^'>i 



i(e+)3/2 



(^+)3/2 



3to cjie^yex h3 xoro, hxo f ^ arg^+ <: n - ||^, {^tf^^ = {^^f/'. Te 

JKC paccyjK^ieHHa npHMeHHMbi k — h mm nojiynacM cjie^yiomyio 

oii;eHKy: 

TaKHM o6pa30M, ccjih A G i^e, to xapaKTcpHCTHHecKoe ypaBHCHHe mojkho 
aanncaxb xaK: 

M^^) + M^i) + M^2) = K(eo+) + <(er) + u;i^^))Oia^/'). (31) 

BocnojibsycMca eiii;e pas jigmmoh ^. SaMCXHM, hxo G [— |,^] h 
G [— KOFfla A G / = 1,2, no3TOMy b cooTBCTCTByiomnx 

acHMHTOTHHecKHx pa3Jio>KeHHax (p9D MOJKHO OTSpocHTb BTopoG cjiaracMoe, 



xaK KaK OHO Majio no cpaBHCHHio c nepBbiM: 
HpeflCTaBHM A b bh^g 
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Tor^a 



H nocKOJibKy 



gj{0) = sh [a{l - A)] , gj{a^j ) = sh2a, 



TO 



«o(a) = ^(sh[a(l-A)] + 0(/x-i/2)), 
^3-KO = ^(shb(l-A)] + 0(^-V2)), 

= ^(sh - A)] + 0(^-1/2)) - "/|^'\3 (sh2« + 0(/i-i)). 
AHajiorHHHbie pasjiojKeHHa hmgiot mgcto fljia Mo(^(f)i '^l-ii^s-i)^ '^li^i)^ 



no3TOMy xapaKTepHCTHHecKoe ypaBHene (|3lD CBOflHTca k cjie;i;yioiii;eMy: 



_2(^-)3/2 

^ -(sh 2a + 0{fi-^/^)) = sh [a(l - A)] + 0{fi~'/^) 



H Mbi npHxo^HM K TaKOMy ypaBHeHHio: 

•■^ ^sh - A)] 
sh 2a 

Hocjie JiorapH(|)MHpoBaHHH nojiy^HM: 



e^l^>^^^ = 2v/^^^il^^ii^e±^f V;Se^f (1 + 0(/i-V^)). 



2 35 2 35 

T cos y ± -/i Sm y = 

TT 3(5 

= T2i7rA; + In (c(A)v^) + 2i7rA;o(A) ± + + ^(/i"^/^) 

PaBGHCTBO fleiiCTBHTejibHbix nacTeii ;i;aeT 

2 . 35 ln(c(A)y;u) „ / 1 
sm — = ± — — - + U ' 



3 2 /i 

S^±'^^,o(J^l (32) 
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OTCiofla, B nacTHOCTH, cjie^yeT, ^to 5 = 0{jj, ^/^), cos y = 1 + 0(/i ^/^), h 

paBGHCTBO MHHMblX HaCTGH flaGT 



(33) 



Mbi nojiyMHJiH saaBJieHHbie peayjibTaTM b nojiapnbix KOop^nnaTax (yU, 6) . 
OcTaeTca nepefiTH k KOopflHHaTaivi (t, 7) no (J)opMyjiaM 

OSpaTHM 3TH (J)opMyjibi: 

^ = £-1/2^3/2 (1 + 0(5^)), 
H noflCTaBHM cnanajia b (|32|) : 

^^-1/2^1/2 (1 + 0(5^)) = ±lnar-V4t3/4 + ^^^2) ^ 0(/i-i/2), 

^5-1/2^1/2 = ±lnc£-l/4t3/4 ^ 0(^-1/2), 

a aaieM b (^): 

o 

e-'/V/' = 37r{k-lTko{X)) + 0{f,-'/'), 

o 

(t^)^/^ = 3vr(fc-iTMA)) + 0(A:-/2). 

OcTaeTCfl aaMeTHTb, hto (J)yHKn,Hfl pacnpe^ejienHa coGcTBennbix ana^enHH 
Ha KpHBbix 7^ nojiynaeTca h3 (J)opMyjibi 

{e-'/H^f^ = 3nk + 0il) 

TOHHO TaK >Ke, KaK H npH flOKaaaTejibCTBe TeopeMbi ^. ■ 
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4 noBe;:^eHHe coScxBeHHbix snaHenHH b 
OKpecTHOCTH jiyHa [— —ioo) 

riycTb napaMGTp A jig^kht b oSjiacTH D^, BBe;i;eHHOH npn HsyHenHH 
MOflejibHOH aafla^H (naparpacj) |l]). Tor;i;a npn a —* 

ln|^^|^ 3 
l^^g^fK^-^rpT^' ^>4' (34) 

HTO o6ecne^HBaeT npHMenHMOCTb jieMMbi |I]. Hojiokhm ji = 0, j2 = 2 b 



xapaKTepHCTHHecKOM onpeflejiHTejie (22), a hhcjio b (J)opMyjie (21) Sy^eM 
BbiSnpaTb TaK, htoGm 

Stt tt 27r 27r tt 

+ arge- < arge° = y (j + 1) ^ arg^/ ^ y (j + 1) + 3 • 

UMewm 



JleMMa 4. iTpu ueKomopoM eu6ope hucca unmespaAU (^Tj) 
CAedywimiK) acuMnmomuKy: 

^iO = -0^A9H) + O{\r'/')), a^O. (35) 

3dech ^ = ^f, a e Kanecmee u, g mochcho esHmt Uj, gj uau u*, g*. 

^OKasaTejibCTBO. Ecjih A HaMenaeTca b orpaHH^eHHOH o6jiacTH, 

TO npH j = 0, 1 MOJKHO B3aTb = H npHMGHHTb JIGMMy |^. 

B npoTHBHOM cjiynae stj jieMMy Henocpe^CTBeHHO npHMCHHTb nejibsa, 

HO MOJKHO nOBTOpHTb C HeSHaHHTejIbHblMH HSMGHeHHaMH Bbl^HCJIGHHe 

HHTerpajia no ^yre OKpyjKHOCTH \z\ = \^\. ^Jia SToro na^o nofloSpaTb 

TaK, HToSbl 

1 = 0(1), Rer,>0, ^ = 0(1), = ^((^.^^ - )• 

Ilpn j = 0, 1 H ;i;ocTaTOHHO Sojibinnx A HMeeM: 

Stt tt 
arg^J = Y(j + 1), I arg^j- - arg^J] < -. 
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nosTOMy Re^f ^ h, nojiaraa \^^\ = I mm{\^J \ , 1^+ \} ^ 

nojiy^HM: 

M = 2 \M = 2 l^^-^l = 0(1) 

l^^l min{|e-|,|e;i} min{|-l-A|,|l-A|} ^ >■ 

ripH j = 2 HMeeM: 



arg^° = 0, |arg^j|<^. 



nosTOMy ReC/ < l^.f^' h, nojiaraa = 2 max{|e7|, 1^/1} > 2|e,|, 
nojiy^HM: 



JleMMa 5. £^cyiM A G -Dg, mo xapaKmepucmuuecKoe ypaeneHue npueodumcH 
K eudy 

el(«o^)^/^-«o-)^/^) = 1 + \X\-y^O{a'/^). (36) 



^OKasaTejibCTBO. XapaKTepncTHHecKoe ypaBHenne HivieeT bh;i;: 

0. 



%(^^) -""0(^0 ) ^2(^^) -^^2(^2 ) 



IIpHMeHHM jieMMy ^, y^HTbiBaa, ^to 

gMf) = sh [«(1 T 1)] , g*Mt) = T 1)] 
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ITojiy^HM: 



P^EZ^ [sh 2a] - P+^+^ [0] P_^_ \i sh 2a] - P+E+ [0] 
P_Ezi [ch 2a] - P+E^\l] P_E_ [i ch 2a] - P+E+ \i] 



1 



HpeoSpaayeM: 



E [sh 2a] - P [0] [i sh 2a] - EP [0] 
E[ch 2a] - P[l] [i ch 2a] - EP[i] 



P = P,P 



-1 _ (^0-)^/^ 



(^+)3/4' 

BbiHHCJiaa onpeflejiHTejib, nojiyMHM: 

-PE^[ish2a] + E[zsh2ach2a - zsh2ach2a] +P[ish2a] = 0, 
E'[l]-E[0]-[1] = 0, 
E' = [1]. 



CpaBHHM xapaKTepHCTHHecKoe ypaBnenHe (pG]) c cooTBeTCTByiomHM 
ypaBHeHHeM ([TlD fljia MOflejibHoii aafla^H. HocKOJibKy Hcnojibsyeivibie b 
naparpa4)e [l| nepeivieHHbie ^i, ^2 paBHbi cooTBeTCTBGHHO , ^0 1 ™ ([TTD 
MOJKHO nepenncaTb TaK: 

el((«o^)^/^-«o-)^/^) = l + |A|-3/2o(a3/2). 



3to ypaBHeHHe OTJinnaeTca ot (pGl) Jinnib SecKoneHHO MajibiM cjiaraeivibiM, 
nosTOMy cnpaBe^JiHB cjie^yiomHH anajior TeopeMbi |l| fljia aa^a^H Oppa- 
3oMMep4)ejibfla. 

TeopeMa 6. IJpu docmamoHHO muaux e > ece co6cmeeHHue SHaneHUH 
sadanu (|5|), @, Jieotcaw^ue e o6Aacmu D^, MOAMiomcM npocmuMU u 
odpasytom MOHomoHHyn) nocjiedoeamejihuocmh hucca na ompuii,ameA'bHou 
MHUMOU ocu. Upu amoM Ha unmepeaAe {d^, —i{pko ~^ 0{e))) MOCHcem 
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Haxodumhcn ne 6oAee deyx co6cmeeHHUx SHaneHuu, a ece ocmaAbHue 
co6cmeeHHue snaneHUH Xk sadanu (||), (H) e o6Aacmu Ds UMetom eud 

Afc = -i{pk + 0{e)), k = kQ + l, /cq + 2, .... 

0yHKit,u^ pacnpedeAenuH co6cmeeHHUx snaueHuu na Az/ne —ioo) 
coenadaem c coomeemcmeywmeu (pijHK'nueu pacnpedeAenuH Bah ModeAbuou 
sadauu 

^-1/2 } ^ 

N{\ e) = / e~'^V^^f^dx + 0(1). 

-1 
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